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The study of holomorphic functions with non-negative real part has a long history
and goes back to contributions by Caratheodory (1907) and Herglotz (1911). These
so-called positive real functions and their operator-valued generalization (defined on
the open right-half plane C0) play an important role in circuit theory and systems &
control because they can be characterized as the transfer functions of a large class of
passive convolution operators (where “transfer function” is the usual control theory
jargon for the Laplace transform of the convolution kernel). The operator-valued
case is, for example, relevant in the contexts of strongly continuous semigroups of
operators and partial differential equations with controls and observations. In this
talk, after providing some background information on scalar-valued positive-real
functions, I shall provide some examples of operator-valued positive-real functions
and discuss some of their spectral properties. In particular, it will turn out that if
the holomorphic function H : C0 → B(U) is positive real (that is, H(s) + H∗(s) is
positive semidefinite for all s ∈ C0), where B(U) denotes the space of bounded linear
operators from a complex Hilbert space U into itself, then the intersection of the
spectrum of H(s) with the imaginary axis does not depend on s. Consequently, the
invertibility of H(z) for some z ∈ C0 implies the invertibility of H(s) for all s ∈ C0.
Knowledge of circuit or control theory is not required in order to understand the
presentation.
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